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Key words: Steady Water Waves; Volume-of-Fluid; Compressive Limiter; Multigrid; DefetCorretion.Summary. A surfae apturing model for steady water ow that an be solved very eÆientlyis presented. The model ontains a high-auray water surfae disretisation and turbulene;it is solved with a novel linear multigrid tehnique and defet orretion. Results show theauray of the model and the fast onvergene of the solver.
1 INTRODUCTIONNumerial simulation of steady water ow with gravity waves is of major importane inmarine design. For example, aurate predition of a ship's wave pattern and the interation ofthe waves with the visous ow near the ship hull enables the minimisation of the ship's dragin the design phase, reduing operating ost and environmental impat.To model the water surfae, two tehniques exist: surfae �tting and surfae apturing3.For surfae �tting, the grid is deformed during the omputation, suh that its upper boundaryoinides with the water surfae. This is a mature tehnique that gives aurate solutions andis omputationally eÆient. But it is not exible: the grid deformation does not allow omplex-shaped ship hulls. For surfae apturing, the grid is not deformed but the water surfae movesthrough the grid. Examples are the volume-of-uid and level-set tehnique. These an handlearbitrary hull shapes.A limiting fator for surfae apturing is the solution speed: as opposed to surfae �tting,fast solution tehniques are not readily available. Usually, the loation of the interfae is reon-struted and boundary onditions are imposed there. It is this reonstrution that makes eÆientsolution very diÆult; time stepping to onvergene is the usual, ostly solution tehnique.We show that a surfae apturing disretisation, inluding an aurate water surfae modeland turbulene, an be solved highly eÆiently. This is ahieved with a volume-of-uid disreti-sation whih is formulated suh, that it an be solved with multigrid. Seond-order auray isobtained with defet orretion. 1
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2 FLOW EQUATIONSWe solve the ow both in the water and in the air above it. The ow equations are basedon the Reynolds-Averaged Navier-Stokes (RANS) equations; we distinguish between water andair by adding a mass onservation equation for the water. Thus, the omplete system onsistsof nothing but onservation laws, it has no interfae reonstrution. Therefore it an be solvedwell with multigrid. In two dimensions, the system is:��x �p+ �u2�+ ��y (�uv) = ��x ((�+ �T ) 2ux) + ��y ((�+ �T ) (uy + vx)) (x-mom.);��x (�uv) + ��y �p+ �v2� = ��x ((�+ �T ) (uy + vx)) + ��y ((�+ �T ) 2vy)� �g (y-mom.);��x (u) + ��y (v) = 0 (tot. mass);��x (u�) + ��y (v�) = 0 (water mass):(1)with � the volume fration of water. The turbulent visosity �T is omputed with Menter'sone-equation turbulene model4:�(�u�T )�x + �(�v�T )�y = ��x �(�+ �T ) ��T�x �+ ��y �(�+ �T ) ��T�y �+ P �D; (2)
with �T = �T =�. The prodution P and the dissipation D ontain �rst and seond veloityderivatives.3 FLUX DISCRETISATIONThe ow equations are disretised with ell-entred �nite volumes on strutured urvilineargrids. Multigrid is used to solve a �rst-order aurate disretisation and these solutions areimproved with defet orretion on a seond-order aurate disretisation. For robustness athigh Reynolds numbers, the onvetive and di�usive uxes are disretised separately. Stableonvetive uxes are obtained with a Riemann solver6. The di�usive uxes and the turbulenesoure term are modelled with entral di�erenes.To ensure stable and monotone solutions, the seond-order sheme uses limited reonstrutionof the ell fae states for the onvetive uxes. For most state variables, a standard limiter isused. However, the volume fration solution is a smeared out disontinuity only. Therefore,we an use a ompressive limiter for �, like the limited downwind sheme. Suh a limitersteepens any gradient into a disontinuity, so it keeps the surfae sharp. For unsteady ow, thedownwind sheme deforms the surfae into a stairase. But in our steady ow, the surfae isalways parallel to the ow diretion, so the surfae loation is �xed by the veloity �eld; largestairstep deformations annot our. Still, following Ubbink and Issa5, we use a hybrid limiterthat swithes to a seond-order sheme when the surfae is parallel to a ell fae normal. Thisprevents even small stairsteps.
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)Figure 1: Solution of subritial hannel ow. Seond-order volume fration � (a) (the grid is strethedfrom x = 4, the inow boundary auses the initial smearing), a omparison of the � = 0:5 isolines withthe numerial result of Van Brummelen1 (b), and the residual during the full mutigrid omputation ().
4 FAST SOLVERThe ow equations are solved with multigrid and line Gauss-Seidel smoothing. All the equa-tions, inluding the turbulene model, are solved in a oupled way; this is essential to get the bestonvergene. Solving this ompliated system requires two hanges to the standard multigridtehnique.First, the turbulene model makes the line smoothing unstable sometimes. However, thisdoes not our near a onverged solution and when it ours, the instability an be removedwith loal damping of the smoother. This damping an be estimated from the onvergene ofthe nonlinear solver in eah individual line. Thus, we get highly eÆient and stable smoothing.And seond, the turbulent boundary layers and the thin water surfae layer annot be resolvedaurately on oarse grids. Therefore, the oarse-grid solutions do not resemble the �ne-gridsolution well, whih results in redued multigrid onvergene. We orret this by hanging tolinearised oarse grid orretions with Galerkin operators.We solve the seond-order aurate equations with defet orretion: the seond-order residualis put as a soure term in the �rst-order equations, whih are then solved with multigrid. Thisproess onverges slowly, but onvergene is not neessary as a few defet orretion steps alreadyimprove a �rst-order aurate solution to seond-order auray. With added damping in theair region above the interfae, defet orretion is stable for our system.5 RESULTSResults are shown for two 2D hannel ows with a bottom bump, as measured by Cahouet2.Both are omputed on 256� 256 ell grids, with �ne ells near the bottom and the free surfae.The �rst test is a subritial ow, with Fr = 0:43 (�gure 1). For the �rst-order solution, thewaves damp out quikly. The seond-order solution after 8 defet orretion steps shows a greatimprovement: the wave amplitudes are muh higher. The ompressive sheme makes the watersurfae, that smears at the inow boundary, thinner near the �rst wave and keeps it thin (4 { 5ells). A omparison with the numerial results of Van Brummelen1 shows exellent agreement.A superritial ow (Fr = 2:05) is shown in �gure 2. Here, the �rst-order solution apturesthe shape of the wave, but the seond-order solution (5 defet orretion steps) is muh sharper.The surfae is 3 { 4 ells thik throughout. The agreement with Cahouet is good.
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)Figure 2: Superritial hannel ow test: the volume fration for the �rst-order (a) and seond-orderaurate solution (b), and a omparison with Cahouet's experiment2 ().
The multigrid onvergene on 7 grids for the �rst test ase is shown in �gure 1. It is a fullmultigrid omputation: the initial solution on eah grid is found by propagating the solution onthe next oarser grid. The onvergene on the last grids is just as good as for the same problemwith laminar ow6. The omputation time is ompared with a solution by line smoothing only:multigrid is about 20 times faster. Defet orretion requires a few yles only, it adds about athird to the �rst-order omputation time.6 CONCLUSIONA VoF model without interfae reonstrution is proposed for steady water ow. The modelonsists of onservation laws only, so it an be solved with multigrid. Linear multigrid gives veryfast onvergene, even for turbulent ow. High-auray solutions and good agreement with ex-periments are obtained with a ombination of defet orretion and a ompressive disretisationfor the volume fration.REFERENCES[1℄ E.H. van Brummelen. Numerial Methods for Steady Visous Free-Surfae Flows. PhD the-sis, Universiteit van Amsterdam, Amsterdam, (2002).[2℄ J. Cahouet. Etude num�erique et exp�erimentale du probl�eme bidimensionnel de la r�esistanede vagues non-lin�eaire. Tehnial report 185, Eole Nationale Sup�erieure de TehniquesAvan�ees, Paris, (1984).[3℄ T. Hino (ed). CFD Workshop Tokyo 2005. National Maritime Researh Institute, Tokyo,(2005).[4℄ F.R. Menter. Eddy visosity transport equations and their relation to the k � " model. J.Fluids Engineering, 119, 876{884, (1997).[5℄ O. Ubbink and R.I. Issa. A method for apturing sharp uid interfaes on arbitrary meshes.J. Comp. Phys., 153, 26{50, (1999).[6℄ J. Wakers and B. Koren. A surfae apturing method for the eÆient omputation ofsteady water waves. To appear in J. Comp. Appl. Math., (2007).4


